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CANONICAL MODELS FOR HOLOMORPHIC ITERATION
LEANDRO AROSIO AND FILIPPO BRACCI
Abstract. We construct canonical intertwining semi-models with Kobayashi hyper-
bolic base space for holomorphic self-maps of complex manifolds which are univalent on
some absorbing cocompact hyperbolic domain. In particular, in the unit ball we solve
the Valiron equation for hyperbolic univalent self-maps and for hyperbolic semigroups.
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1. Introduction
In 1884 Ko¨nigs [35] proved that given a holomorphic self-map f of the unit disc D such
that f(0) = 0 and 0 < |f ′(0)| < 1 there exists a unique holomorphic map σ : D → C
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satisfying the Schro¨der equation
σ ◦ f = f ′(0)σ,
and such that σ(0) = 0, σ′(0) = 1. Notice that ∪m∈N f ′(0)−mσ(D) = C. Of course the
same holds if the self-map f admits a fixed point p ∈ D.
If the mapping f has no fixed point in D, then by the Denjoy-Wolff theorem there
exists a unique point a ∈ ∂D, called the Denjoy-Wolff point of f , such that the sequence of
iterates {fn} converges uniformly on compacta to the constant map D ∋ z 7→ a. Moreover,
the non-tangential limit of f at a is a and the non-tangential limit of f ′ at a is a number
λf ∈ (0, 1], called the dilation of f . If λf < 1, the map f is called hyperbolic and in 1931
Valiron [45] proved that there exists a holomorphic map σ : D→ H := {ζ ∈ C : Im ζ > 0}
which satisfies the Schro¨der equation at the boundary
σ ◦ f = 1
λf
σ,
also called the Valiron equation. The solution σ satisfies ∪m∈N λ−mf σ(D) = H and is
essentially unique in the sense that any other holomorphic solution is a positive multiple
of σ (see [22, Prop. 2.4]).
In 1979 Pommerenke and Baker [40, 10] dealt with the parabolic case λf = 1, proving
that in such a case the Abel equation
σ ◦ f = σ + 1
admits a holomorphic solution σ : D → C. For any solution σ of the Abel equation
the domain ∪m∈N (σ(D)−m) is either the whole C or is biholomorphic to D, depending
on whether f is zero-step or nonzero-step. The uniqueness of the solutions of the Abel
functional equations has been investigated in [22, 25, 26, 39].
These three functional equations are examples of intertwining models, and since f is
intertwined with linear fractional maps, they are called linear fractional models. There is
a geometric way of approaching the problem of intertwining models which was proposed
in 1981 by Cowen [28]: given a holomorphic self-map f of the unit disc, one wants to find
a Riemann surface Ω, an automorphism ψ of Ω and a holomorphic mapping σ : D → Ω
such that the following diagram commutes:
D
f
//
σ

D
σ

Ω
ψ
// Ω.
Notice that one can always replace Ω with its smallest domain containing σ(D) on
which ψ is an automorphism, that is ∪m∈N ψ−m(σ(D)), hence we assume that Ω =
∪m∈N ψ−m(σ(D)). Cowen exploited a categorial construction (the tail space, also known as
the abstract basin of attraction) to show that such a triple (Ω, ψ, σ) always exists, assum-
ing that f has no fixed point p with f ′(p) = 0, and moreover the intertwining mapping
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σ is univalent on some f -absorbing domain of D (that is an f -invariant domain which
eventually contains every orbit of f). By the Riemann uniformization theorem Ω is then
biholomorphic either to C or to H. The last step is to determine ψ, and Cowen shows
that, if f is not an elliptic automorphism of the disc, there are only four possible cases:
(1) Ω = C and ψ(z) = cz with 0 < |c| < 1,
(2) Ω = H and ψ(z) = sz with s ∈ R, 0 < s < 1,
(3) Ω = H and ψ(z) = z ± 1,
(4) Ω = C and ψ(z) = z + 1.
In case (1) the self-map f has a fixed point such that f ′(p) = c. In case (2) the self-map f
is hyperbolic with dilation λf = s. Case (3) and (4) correspond to the nonzero-step and
zero-step parabolic case. Thus this approach allows to treat the three previous functional
equations in a unique framework.
In 1996 Bourdon and Shapiro [14] considered the case of holomorphic self-maps of the
unit disc with no interior fixed points having some regularity at the Denjoy-Wolff point.
Assuming regularity at the Denjoy-Wolff point allows to obtain better knowledge of the
intertwining map and of the shape of the corresponding image domain. Such results, aside
an intrinsic interest, have been applied in many ways, for instance to study dynamics,
commuting maps, semigroups and properties of the associated composition operators.
In higher dimension the situation is much more complicated. In the case of a holo-
morphic self-map f of the unit ball (or more generally a holomorphic self-map of a taut
manifold) with the origin as a unique fixed point, the classical theory of Poincare´-Dulac
can be applied (see, e.g., [7, 44, 42, 29, 16, 19]) and, for instance, if all eigenvalues have
modulus less than one and in absence of resonances, one obtains a holomorphic solution
σ : Bq → Cq of the Schro¨der equation
σ ◦ f = df0 ◦ σ,
such that σ(0) = 0 and dσ0 = id. This gives a linear intertwining model.
In the case of f ∈ Hol(Bq,Bq) with no interior fixed points, by a result of Herve´ [33]
(see also [38, 1]) there exists a unique point a ∈ ∂Bq , called the Denjoy-Wolff point of f ,
such that the sequence of iterates of f converges uniformly on compacta to the constant
map Bq ∋ z 7→ a. Moreover, the dilation λf ∈ (0, 1] can be defined (see Section 5). Again,
if λf < 1 the map f is called hyperbolic, while it is called parabolic if λf = 1. In [20] the
second named author and Gentili proved that if f is hyperbolic and has some regularity
at the Denjoy-Wolff point a ∈ ∂Bq , then there exists a holomorphic mapping σ : Bq → Cq
such that
σ ◦ f = dfa ◦ σ,
and σ is regular and essentially unique in the class of holomorphic maps having some
regularity at a. Such type of results, assuming similar regularity conditions at the Denjoy-
Wolff point of f , have later been generalized both in the hyperbolic and parabolic case by
Bayart [11]. Bayart and Charpentier [12, 13] also performed a deep study of intertwining
4 L. AROSIO AND F. BRACCI
models for linear fractional self-maps of the unit ball, generalizing previous results of [15]
and [18].
If f ∈ Hol(Bq,Bq) is hyperbolic with Denjoy-Wolff point a ∈ ∂Bq, a holomorphic
solution σ : Bq → H to the Valiron equation
σ ◦ f = 1
λf
σ
has been found in [21] by the second named author, Gentili and Poggi-Corradini, with
the two following assumptions:
(1) the K − limz→a 1−〈f(z),a〉1−〈z,a〉 exists (〈·, ·〉 denotes the standard Hermitian product in
Cq and K- lim denotes the limit in Kora´nyi regions, see Section 5),
(2) the mapping f admits a special orbit (see Definition 5.1).
In [34] the existence of a holomorphic solution is proved by Jury without assumption (2).
In all papers mentioned above, with the exception of Cowen’s construction in dimension
one, the intertwining map is defined via a limiting process using suitably normalized
iterates of the original map. If the self-map has no fixed point, the estimates for the
convergence of such a sequence are provided essentially by the Julia-Wolff-Carathe´odory
theorem in the unit disc, and by the Rudin’s generalization of such a theorem in the
unit ball. However, the Rudin’s Julia-Wolff-Carathe´odory theorem gives a good control
only on the non-tangential normal direction and a holomorphic self-map of the ball may
not even be differentiable at its Denjoy-Wolff point. Thus, in several variables, it seems
to be hopeless to control the limiting process without assuming some regularity at the
Denjoy-Wolff point.
In this paper we propose a categorial construction of intertwining models for any holo-
morphic self-map which is univalent on an absorbing domain, without assuming any reg-
ularity condition at the Denjoy-Wolff point. In particular, our results apply to univalent
self-maps (such as the elements of a continuous one-parameter semigroup of holomorphic
self-maps). Here we state our results for univalent self-maps, referring the reader to Sec-
tion 3 for details and the general case. Let X be a complex manifold of dimension q,
and let f ∈ Hol(X,X) be a univalent map. We define a semi-model for f as a triple
(Ω, h, ψ), where the base space Ω is a complex manifold of dimension k ∈ N, ψ ∈ Aut(Ω),
and h ∈ Hol(X,Ω), such that h ◦ f = ψ ◦ h and ∪m∈N ψ−m(h(X)) = Ω. If h is univalent,
we call the semi-model a model. Our first result shows that models exist, are essentially
unique and satisfy a universal property.
Theorem 1.1. Let X be a complex manifold and let f ∈ Hol(X,X) be univalent. Then
there exists a model (Ω, h, ψ) for f . Moreover, if (Λ, ℓ, φ) is any semi-model for f then
there exists a surjective holomorphic map g : Ω→ Λ such that ℓ = g ◦h and g ◦ψ = φ ◦ g.
In particular, if (Λ, ℓ, φ) is a model (i.e., ℓ is univalent), then g is a biholomorphism.
Such a result a` la Cowen exploits the abstract basin of attraction of f , hence the man-
ifold Ω is constructed as an abstract complex manifold. The problem with this approach
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in several complex variables is that there is no uniformization theorem available, and so
even if X = Bq, the complex structure of Ω and its automorphism group may be very
complicated.
However, in case X = Bq (or more generally X is any cocompact hyperbolic manifold),
one can single out a special semi-model whose base space is a possibly lower-dimensional
ball Bk, and which still gives interesting informations about f . This is what we do in
Section 4. We start by noticing that Ω is the growing union of domains biholomorphic
to Bq, and thus we can replace the uniformization theorem with a result of Fornaess and
Sibony which describes this kind of manifolds. They prove the existence of a holomorphic
submersion r : Ω → Bk, where 0 ≤ k ≤ q, which gives a foliation F of Ω on whose
leaves the Kobayashi pseudo-metric vanishes. Hence the automorphism ψ of Ω defined in
Theorem 1.1 preserves F , and thus induces an automorphism τ of Bk which makes the
following diagram commute:
Bq
f
//
h

Bq
h

Ω
ψ
//
r

Ω
r

B
k τ // B
k.
Define ℓ := r ◦ h. Then (Bk, ℓ, τ) is a semi-model, and as long as Kobayashi pseudo-
distance is concerned, it is indistinguishable from the model (Ω, h, ψ): indeed the holomor-
phic submersion r : Ω → Bk is a pseudo-distance isometry. This semi-model is universal
in the following sense: all others semi-models for f with hyperbolic base space factor
through it. We call such a semi-model the canonical Kobayashi hyperbolic semi-model.
In Section 5.4 we describe the canonical Kobayashi hyperbolic semi-model of a hyper-
bolic univalent self-map, obtaining the following main result.
Theorem 1.2. Let f ∈ Hol(Bq,Bq) be a hyperbolic univalent self-map with Denjoy-Wolff
point a ∈ ∂Bq and dilation λf ∈ (0, 1). Then there exists ℓ ∈ Hol(Bq,Bk), where 1 ≤ k ≤ q,
and a hyperbolic automorphism τ ∈ Aut(Bk) with Denjoy-Wolff point b ∈ ∂Bq and dilation
λf such that
(1) ℓ ◦ f = τ ◦ ℓ,
(2) ∪m∈N τ−m(ℓ(Bq)) = Bk,
(3) K- limz→a ℓ(z) = b.
Moreover, if Λ is a Kobayashi hyperbolic manifold, k ∈ Aut(Λ) and ϕ ∈ Hol(Bq,Λ) satisfies
k ◦ f = ϕ ◦ k and ∪m∈N ϕ−m(k(Bq)) = Λ, then there exists g ∈ Hol(Bk,Λ) surjective such
that g ◦ ℓ = k and g ◦ τ = ϕ ◦ g.
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The number k in Theorem 1.2 can be computed in terms of the dynamics of f . Indeed,
k is the rank of limm→∞(f
m)∗κBq , where κBq is the Kobayashi infinitesimal metric of B
q
(see Lemma 3.16).
Composing the mapping ℓ : Bq → Bk with a suitable projection to H, we obtain a
holomorphic solution to the Valiron equation in several variables.
Corollary 1.3. Let f ∈ Hol(Bq,Bq) be a univalent hyperbolic self-map with Denjoy-
Wolff point a ∈ ∂Bq and dilation λf ∈ (0, 1). Then there exists a holomorphic solution
Θ: Bq → H to the Valiron equation
Θ ◦ f = 1
λf
Θ (1.1)
which satisfies K- limz→aΘ(z) =∞ and ∪n≥0 λnf (Θ(Bq)) = H.
Aside the categorial construction of the canonical Kobayashi hyperbolic semi-model,
the main difficulty is to prove that the automorphism τ ∈ Aut(Bk) that one constructs
abstractly is indeed hyperbolic with dilation λf . The problem here is that it is not clear
how the dilation λf behaves under a holomorphic semiconjugation of the map f . We
overcome this difficulty by introducing in Section 2 a dynamical invariant that we call the
divergence rate, which generalizes the dilation and is defined in terms of the Kobayashi
pseudo-distance. For a given holomorphic self-map f of a complex manifold X , the
divergence rate is the nonnegative real number defined as
c(f) := lim
m→∞
kX(x, f
m(x))
m
,
where x is any point in X and kX denotes the Kobayashi pseudo-distance. Roughly
speaking, if X is hyperbolic, the number c(f) measures the rate at which the orbits of
f leave the compact sets. In particular, if the sequence of iterates is not compactly
divergent, then we have c(f) = 0. We prove that if X = Bq and f has no fixed point,
then c(f) = − log λf . The divergence rate is well-behaved with respect to holomorphic
semiconjugations: if g ∈ Hol(Y, Y ) and there exists h : X → Y such that h ◦ f = g ◦ h,
then c(f) ≥ c(g). We also show that for the model (Ω, h, ψ) the inequality becomes an
equality, that is c(f) = c(ψ). Since the model and the canonical Kobayashi hyperbolic
semi-model (Bk, ℓ, τ) are isometric with respect to the Kobayashi pseudo-distance, we
finally have c(f) = c(τ).
In order to get the regularity of the intertwining map ℓ at the Denjoy-Wolff point of
f , we prove the following generalization of the Lindelo¨f theorem (see Section 5.2), which
seems to be interesting by its own and not known even in dimension one.
Theorem 1.4. Let k, q ∈ N. Let h : Bq → Bk be holomorphic. Suppose that {zm} ⊂ Bq is
a sequence converging to a point a ∈ ∂Bq. Assume that the sequences {kBq(zm, zm+1)} and
{kBq(zm, 〈zm, a〉a)} are bounded. If limm→∞ h(zm) = b ∈ ∂Bk then K- limz→a h(z) = b.
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Another generalization of the previous Lindelo¨f-type result in the case b ∈ Bk (with
more assumptions on the sequence {zm}) is contained in Theorem 5.7.
Results similar to Theorem 1.2 are obtained in the elliptic case (see Proposition 4.14)
and in the parabolic case (see Section 5.5).
As we said, if f is semiconjugate to g, then c(f) ≥ c(g) and equality holds for the
canonical Kobayashi hyperbolic semi-model. It is then a natural question whether equality
has to hold also for non canonical Kobayashi hyperbolic semi-models. In Section 5.6,
among other results on semi-models with Kobayashi hyperbolic base space, we obtain a
negative answer (see Proposition 5.23), indeed we prove that the Abel equation can be
always solved for hyperbolic self-maps of the ball.
Theorem 1.5. Let f ∈ Hol(Bq,Bq) be univalent and hyperbolic with Denjoy-Wolff point
p ∈ ∂Bq and dilation λf . Then there exists θ : Bq → H holomorphic such that
θ ◦ f = θ + 1. (1.2)
Moreover,
⋃
m∈N(θ(B
q)−m) = H.
In Section 5.7 we introduce the hyperbolic self-maps of a complex manifold X , namely
f ∈ Hol(X,X) such that c(f) > 0. We generalize Theorem 1.2 to such mappings.
Finally, in Section 6, the results are adapted to the case of continuous one-parameter
semigroups of holomorphic self-maps of a complex manifold, and mainly of the unit ball.
2. Hyperbolic steps and divergence rate
Let X be a complex manifold, and let Hol(X,X) denote the set of holomorphic self-
maps of X . If f ∈ Hol(X,X), for m ∈ N, we denote by fm := fm−1 ◦ f and f 0 = id. Let
also kX denote the Kobayashi pseudo-distance on X .
Definition 2.1. Let X be a complex manifold and f ∈ Hol(X,X). For x ∈ X and m ∈ N
we denote by
sm(x) := lim
n→∞
kX(f
n(x), fn+m(x))
the (hyperbolic) m-step of f at x. When no confusion can arise we will write s(x) instead
of s1(x).
Remark 2.2. The number sm(x) is well-defined since
kX(f
n+1(x), fn+1+m(x)) = kX(f(f
n(x)), f(fn+m(x))) ≤ kX(fn(x), fn+m(x))
for all n ≥ 0.
The following well-known lemma is due to Fekete.
Lemma 2.3. Let (am)m∈N be a subadditive sequence of real numbers. Then limm→∞
am
m
exists and
lim
m→∞
am
m
= inf
m∈N
am
m
.
8 L. AROSIO AND F. BRACCI
Lemma 2.4. For all x ∈ X, the sequences (kX(x, fm(x))) and (sm(x)) are subadditive,
and therefore the limits
lim
m→∞
kX(y, f
m(x))
m
and lim
m→∞
sm(x)
m
exist.
Proof. For all n,m ≥ 0 we have
kX(x, f
m+n(x)) ≤ kX(x, fm(x)) + kX(fm(x), fm+n(x)) ≤ kX(x, fm(x)) + kX(x, fn(x)),
which proves that (kX(x, f
m(x))) is subadditive. For all n,m, u ≥ 0 we have
kX(f
u(x), fu+m+n(x)) ≤ kX(fu(x), fu+m(x)) + kX(fu+m(x), fu+m+n(x))
≤ kX(fu(x), fu+m(x)) + kX(fu(x), fu+n(x)).
Taking the limit as u → ∞, we have sm+n ≤ sm + sn. The limits exist by Fekete’s
lemma. 
Definition 2.5. Let X be a complex manifold and let f ∈ Hol(X,X). The divergence
rate c(f) ∈ R+ is defined as
c(f) := lim
m→∞
kX(x, f
m(x))
m
.
Remark 2.6. Clearly for all k ∈ N we have
c(fk) = kc(f).
Proposition 2.7. Let X be a complex manifold and let f ∈ Hol(X,X). Let x ∈ X. Then
c(f) = lim
m→∞
sm(x)
m
. (2.1)
Moreover, c(f) does not depend on x, and for all y ∈ X we have c(f) = limm→∞ kX(y,fm(x))m .
Proof. It is clear that kX(x, f
m(x)) ≥ sm(x), thus limm→∞ 1mkX(x, fm(x)) ≥ limm→∞ 1msm(x).
We claim that for all integers u ≥ 1,
lim
m→∞
kX(x, f
um(x))
um
≤ su(x)
u
. (2.2)
Fix u ≥ 1. Then, for all m ≥ 1,
kX(x, f
um(x))
um
≤ 1
um
m−1∑
i=0
kX(f
ui(x), fu(i+1)(x)),
and the claim follows since the right-hand side tends to su(x)
u
as m → ∞ by the Cesa`ro
means theorem. Therefore we have, for every integer u ≥ 1,
lim
k→∞
kX(x, f
m(x))
m
= lim
m→∞
kX(x, f
um(x))
um
≤ su(x)
u
.
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Taking the limit as u→∞, we obtain limm→∞ 1mkX(x, fm(x)) ≤ limm→∞ 1msm(x), hence
(2.1) holds.
Finally, let x, y ∈ X . Then
kX(x, f
m(x)) ≤ kX(x, y) + kX(y, fm(y)) + kX(fm(y), fm(x))
≤ kX(y, fm(y)) + 2kX(x, y),
which proves that c(f) does not depend on x. A similar argument gives the last statement.

Remark 2.8. Let X be a hyperbolic complex manifold and let f ∈ Hol(X,X). If {fk} is
not compactly divergent, then c(f) = 0. In particular, if f has a fixed point in X then
c(f) = 0.
Lemma 2.9. Let X and Y be complex manifolds. Let f ∈ Hol(X,X) and g ∈ Hol(Y, Y ).
Suppose there exists h ∈ Hol(X, Y ) which satisfies h ◦ f = g ◦ h, i.e. f is semiconjugate
to g. Then c(f) ≥ c(g).
Proof. Since kX(x, f
m(x)) ≥ kY (h(x), h(fm(x))) = kY (h(x), gm(h(x))), the result follows
at once. 
3. Models
Definition 3.1. Let X be a complex manifold and let f ∈ Hol(X,X). A domain A ⊂ X
is f -absorbing if f(A) ⊂ A and for each point z ∈ X there exists m ∈ N such that
fm(z) ⊂ A.
Remark 3.2. If f ∈ Hol(X,X) and A ⊂ X is an f -absorbing domain, then for any compact
subset K ⊂ X there exists m ∈ N such that fm(K) ⊂ A. Indeed, given any z ∈ K there
exists n(z) ∈ N such that fn(z) ∈ A. Hence {f−n(z)(A)}z∈K is an open covering of
K. Since K is compact, there exists a finite number of points {z1, . . . , zl} ⊂ K such that
K ⊂ ∪lj=1f−n(zj)(A) and thus, if we setm = maxj=1,...,l{n(zj)}, it follows that fm(K) ⊂ A.
Note that if f is univalent on X , then A = X is an f -absorbing domain on which f is
univalent.
Definition 3.3. Let X be a complex manifold and let f ∈ Hol(X,X). A semi-model
for f is a triple (Ω, h, ψ) where Ω is a complex manifold, h : X → Ω is a holomorphic
mapping, ψ : Ω→ Ω is an automorphism such that
h ◦ f = ψ ◦ h, (3.1)
and ⋃
n≥0
ψ−n(h(X)) = Ω. (3.2)
We call the manifold Ω the base space and the mapping h the intertwining mapping.
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If there exists an f -absorbing domain A ⊂ X such that h|A : A → Ω is univalent, we
call the triple (Ω, h, ψ) a model for f .
Let (Ω, h, ψ) and (Λ, k, ϕ) be two semi-models for f . Amorphism of models ηˆ : (Ω, h, ψ)→
(Λ, k, ϕ) is given by a holomorphic mapping η : Ω→ Λ such that
η ◦ h = k,
and
ϕ ◦ η = η ◦ ψ.
An isomorphism of models is a morphism of models which admits an inverse.
Remark 3.4. By (3.2), h is constant if and only if the semi-model (Ω, h, ψ) is trivial,
that is, Ω reduces to a point and ψ is the identity. Moreover, if (Ω, h, ψ) is a model for
f ∈ Hol(X,X), then dim(Ω) = dim(X).
The next lemma shows the relations between the mapping f and the intertwining
mapping.
Lemma 3.5. Let X be a complex manifold and let f ∈ Hol(X,X).
(1) Assume that f admits a semi-model (Λ, k, ϕ) such that k is univalent on a domain
B ⊂ X. Then f is univalent on B.
(2) Assume that f admits a model (Ω, h, ψ). Suppose that B ⊂ X is an f -invariant
domain such that f is univalent on B. Then h is univalent on B.
(3) Assume that f admits a semi-model (Λ, k, ϕ). If B ⊂ X is an f -absorbing set,
then k(B) is a ψ-absorbing set.
Proof. (1) Let x, y ∈ B, and x 6= y. Then k(x) 6= k(y), which implies ϕ(k(x)) 6= ϕ(k(y)).
Thus k(f(x)) 6= k(f(y)), which implies f(x) 6= f(y).
(2) By definition there exists an f -absorbing domain A such that h is univalent on
A. Let x, y ∈ B, and x 6= y. Then for all n ∈ N we have fn(x) 6= fn(y). Since A is
f -absorbing, there exists m such that fm(x), fm(x) ∈ A. Thus
ψm(h(x)) = h(fm(x)) 6= h(fm(x)) = ψm(h(y)),
which implies h(x) 6= h(y).
(3) Finally, assume B is f -absorbing. Let z ∈ Λ. Then there exists m ∈ N such
ϕm(z) ∈ k(X). Hence, there exists x ∈ X such that k(x) = ϕm(z). Since B is f -
absorbing, there exists n ∈ N such that fn(x) ∈ B. Hence
ϕm+n(z) = ϕn(ϕm(z)) = ϕn(k(x)) = k(fn(x)) ∈ k(B),
which proves that k(B) is ϕ-absorbing. 
Morphism between semi-models are very rigid, as the following lemmas show.
Lemma 3.6. Let (Ω, h, ψ) and (Λ, k, ϕ) be two semi-models for f and let ηˆ : (Ω, h, ψ)→
(Λ, k, ϕ) be a morphism of models. Then η : Ω→ Λ is surjective.
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Proof. Indeed,
Λ =
⋃
n≥0
φ−n(k(X)) =
⋃
n≥0
η(ψ−n(X)) = η(Ω).

Lemma 3.7. Let (Ω, h, ψ) and (Λ, k, ϕ) be two semi-models for f and let βˆ, ηˆ : (Ω, h, ψ)→
(Λ, k, ϕ) be two morphisms of models. Then ηˆ = βˆ.
Proof. Since η ◦ h = β ◦ h, it follows
η ◦ ψ−n ◦ h = ϕ−n ◦ η ◦ h = ϕ−n ◦ β ◦ h = β ◦ ψ−n ◦ h,
which implies η = β on Ω by (3.2). 
Clearly a morphism of models for which η univalent is in fact an isomorphism of models.
But something more is true:
Corollary 3.8. Let (Ω, h, ψ) and (Λ, k, ϕ) be two semi-models for f and let ηˆ : (Ω, h, ψ)→
(Λ, k, ϕ) and βˆ : (Λ, k, ϕ)→ (Ω, h, ψ) be two morphisms of models. Then βˆ = ηˆ−1 and the
two semi-models are isomorphic.
Proof. It is easy to see that iˆdΩ and βˆ ◦ ηˆ are morphism of models from (Ω, h, ψ) to itself.
Thus βˆ ◦ ηˆ = iˆdΩ by Lemma 3.7. Similarly, ηˆ ◦ βˆ = iˆdΛ. 
Remark 3.9. The previous results show that there is a natural partial ordering among
the isomorphism classes of semi-models for f , defined in the following way: (Ω, h, ψ) ≥
(Λ, k, ψ) if there exists a morphism of models ηˆ : (Ω, h, ψ)→ (Λ, k, ϕ).
Proposition 3.10. Assume that f ∈ Hol(X,X) admits a model (Ω, h, ψ). Then (Ω, h, ψ)
satisfies the following universal property: if (Λ, k, ϕ) is a semi-model for f , then there
exists a morphism of models ηˆ : (Ω, h, ψ)→ (Λ, k, ϕ).
Proof. Let A be an f -absorbing domain such that h|A : A → Ω is univalent. Set Ωn :=
ψ−n(h(A)). Since h(A) is ψ-absorbing it follows that Ω is the growing union of the domains
Ωn. For all n ≥ 0 define the holomorphic mapping ηn : Ωn → Λ by
ηn := ϕ
−n ◦ k ◦ h|−1A ◦ ψn (3.3)
Using the definition of semi-models, it is easy to see that ηm|Ωn = ηn for all m ≥ n.
Therefore, setting η(w) = ηn(w) if w ∈ Ωn we have a holomorphic map η : Ω→ Λ. Using
the properties of semi-models, it is also easy to see that η defines a morphism of models
ηˆ : (Ω, h, ψ)→ (Λ, k, ϕ). 
This shows that if f admits a model, it is the maximum element in the ordering of
semi-models. Since two maximum elements necessarily coincide by Corollary 3.8, we have
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Corollary 3.11. Let X be a complex manifold. Let f ∈ Hol(X,X). If f admits a model
then it is unique (up to isomorphisms of models). In particular, the base space of the
model is unique up to biholomorphisms.
As a direct consequence of the previous corollary we have the following result on the
essential uniqueness of the intertwining map once the base space and the automorphism
are fixed.
Corollary 3.12. Let X be a complex manifold. Let f ∈ Hol(X,X). Let (Ω, h, ψ) and
(Ω, k, ψ) be two models for f with the same base space. Then there exists an automorphism
Ψ of Ω commuting with ψ such that k = Ψ ◦ h.
By Lemma 3.5, in order for f ∈ Hol(X,X) to admit a model, a necessary condition
is that there exists an f -absorbing open subset A ⊂ X such that f |A is univalent. The
following result shows that such a condition is also sufficient.
Theorem 3.13. Let X be a complex manifold. Let f ∈ Hol(X,X). Suppose there exists
an f -absorbing domain A ⊂ X such that f |A is univalent. Then there exists a model
(Ω, h, ψ) for f .
Proof. Endow N with the discrete topology and consider the equivalence relation ∼ on
A × N given as follows: (x,m) ∼ (y, n) if and only if there exists u ∈ N, u ≥ m,n such
that fu−m(x) = fu−n(y).
Let Ω := A × N/∼ endowed with the quotient topology. Let π : A × N → Ω be the
natural projection and for n ∈ N let hn : A → Ω be defined as hn(x) := π(x, n). Clearly
hn is continuous and open for all n ∈ N. Moreover each hn is injective since f and
all its iterates are injective on A. Thus each hn is a homeomorphism on its image. Set
Ωn := hn(A). Since ∪n∈NΩn = Ω, it follows easily that Ω is a Hausdorff, second countable,
arcwise-connected topological space. Notice moreover that
hn = hm ◦ fm−n|A, 0 ≤ n ≤ m ∈ N. (3.4)
Therefore, {(A, hn)}n∈N is an atlas for Ω which gives Ω a structure of complex manifold of
the same dimension of X . The maps hn are thus univalent. Equation (3.4) implies that
Ωn ⊂ Ωm for all 0 ≤ n ≤ m.
Define
ψ(z) = h0 ◦ h−11 (z), z ∈ Ω1.
We can extend this mapping to Ω2 by setting
ψ(z) = h1 ◦ h−12 (z), z ∈ Ω2.
The map ψ is well-defined. Indeed, by (3.4), it follows h−12 ◦ h1 = h−11 ◦ h0 and hence for
all z ∈ Ω1,
h1 ◦ h−12 (z) = h1 ◦ h−12 ◦ h1 ◦ h−11 (z) = h1 ◦ h−11 ◦ h0 ◦ h−11 (z) = h0 ◦ h−11 (z).
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We can then extend ψ on Ωn inductively as ψ(z) = hn−1 ◦h−1n (z) for z ∈ Ωn. It is clear
that ψ : Ω→ Ω is an automorphism.
Let h := h0 : A→ Ω. Then by (3.4)
ψ ◦ h = h0 ◦ h−11 ◦ h0 = h0 ◦ f |A = h ◦ f |A. (3.5)
Now we extend h to a holomorphic map, still denoted by the same name, h : X → Ω
such that ψ ◦ h = h ◦ f on X . In order to do this, let z ∈ X . Then there exists m ∈ N
such that fm(z) ∈ A. We set
h(z) := ψ−m(h0(f
m(z))).
By (3.5) it is easy to see that h is well defined, holomorphic and intertwines f with ψ.
Moreover, h|A = h0 : A→ Ω is univalent.
Moreover, by the very definition of ψ we have hn = ψ
−n ◦ h|A for all n ≥ 0 and
∪n∈Nhn(A) = Ω. Hence ⋃
n∈N
ψ−n(h(A)) = Ω, (3.6)
and the proof is concluded. 
Remark 3.14. By Corollary 3.11 the model (Ω, h, ψ) constructed in Theorem 3.13 does
not depend on the set A.
Remark 3.15. The construction in Theorem 3.13 relies on the abstract basins of attraction
of a univalent self-map (see, e.g., [8, 9, 31]). A similar construction, together with the
uniformization theorem, was employed in [28] for constructing models for holomorphic
self-maps of the unit disc. In that case it is known that, except for mappings with one
fixed point in the unit disc of multiplicity strictly greater than 1, every holomorphic self-
map f of the unit disc admits a simply connected f -absorbing domain on which it is
univalent (see [40, Thm. 2]). In higher dimension, even for the unit ball, the existence of
such an f -absorbing domain is in general false (for example if the map has non maximal
rank at every point).
The hyperbolic geometry of the base space of a model depends on the dynamics of the
map, as the following result shows.
Lemma 3.16. Let X be a complex manifold and let f ∈ Hol(X,X). Assume that f admits
a model (Ω, h, ψ) and let A ⊂ X be an f -absorbing domain such that h|A is univalent.
Then
h∗κΩ = lim
m→∞
(fm)∗κA = lim
m→∞
(fm)∗κX , (3.7)
and
h∗kΩ = lim
m→∞
(fm)∗kA = lim
m→∞
(fm)∗kX . (3.8)
In particular, c(f |A) = c(ψ) = c(f).
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Proof. We give the proof of (3.8) as (3.7) can be obtained by minor modifications. By
Lemma 3.5 the complex manifold Ω is the union of the growing sequence of the domains
ψ−m(h(A)), thus for all z, w ∈ X
kΩ(h(z), h(w)) = lim
m→∞
kψ−m(h(A))(h(z), h(w)) = lim
m→∞
kh(A)(ψ
m(h(z)), ψm(h(w)))
= lim
m→∞
kh(A)(h(f
m(z)), h(fm(w))) = lim
m→∞
kA(f
m(z), fm(w))
≥ lim
m→∞
kX(f
m(z), fm(w)),
where the last inequality follows from the fact that kA ≥ kX since A ⊂ X .
On the other hand, since ψ is an isometry for kΩ,
kΩ(h(z), h(w)) = lim
m→∞
kΩ(ψ
m(h(z)), ψm(h(w)))
= lim
m→∞
kΩ(h(f
m(z)), h(fm(w))) ≤ lim
m→∞
kX(f
m(z), fm(w)).
Next, denoting by sm(x) them-th hyperbolic step of f and by s
A
m(x) them-th hyperbolic
step of f |A, equation (3.8) implies that for all x ∈ A
sAm(x) = kΩ(h(x), ψ
m(h(x)) = sm(x). (3.9)
Hence Proposition 2.7 yields c(f |A) = c(ψ) = c(f). 
4. Canonical Kobayashi hyperbolic semi-models
Let X be a complex manifold. We denote by κX the Kobayashi pseudo-metric of X ,
and by kX the Kobayashi pseudo-distance. Let f ∈ Hol(X,X). Suppose there exists an
f -absorbing domain A ⊂ X such that f |A is univalent, and assume (Ω, h, ψ) is a model
for f . Then Ω is the growing union of domains biholomorphic to A. Complex manifolds
which are growing union of domains biholomorphic to a given manifold have been studied
by Fornæss and Sibony [30], who proved the following result.
Theorem 4.1 (Fornæss-Sibony). Let M be a hyperbolic complex manifold of dimension
q and assume that M/Aut(M) is compact. Let Ω be a complex manifold such that Ω =
∪n∈NΩn, where Ωn is a domain biholomorphic to M and Ωn ⊂ Ωn+1 for all n ∈ N. Then
there exist r ∈ Hol(Ω,M) and a holomorphic retract Z of M of dimension k such that the
following holds.
i) The map r has constant rank k and κΩ = r
∗κM has constant corank q − k.
ii) We have r(Ω) = Z and if k = q, then Z = M .
iii) The fibers of r are (q−k)-dimensional connected complex submanifolds of Ω which
are topologically cells. Moreover κr−1(z) ≡ 0 for all z ∈M .
iv) If M is the ball Bq, then Z is biholomorphic to Bk. If M is the polydisc Dq, then
Z is biholomorphic to Dk.
v) If k = q, then Ω is biholomorphic to M .
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Remark 4.2. Notice that, since Z is a holomorphic retract ofM , it follows that kM |Z = kZ
and κM |Z = κZ . From i) of Theorem 4.1 it follows immediately that r : Ω→ Z satisfies
r∗κZ = κΩ, (4.1)
and
r∗kZ = kΩ. (4.2)
We start examining the case of hyperbolic base space:
Proposition 4.3. Let X be a complex manifold. Let f ∈ Hol(X,X). Suppose A ⊂ X is
an f -absorbing hyperbolic domain such that f |A is univalent and A/Aut(A) is compact.
Let (Ω, h, ψ) be a model for f . Then the following are equivalent:
(1) Ω is hyperbolic,
(2) the corank of κΩ is zero,
(3) Ω is biholomorphic to A,
(4) there exists x ∈ X such that limm→∞ κX(fm(x), (dfm)xv) > 0 for all v ∈ TxX\{0},
(5) for every x, y ∈ X we have limm→∞ kX(fm(x), fm(y)) > 0,
(6) there exists a model for f with hyperbolic base space.
Proof. By Theorem 4.1 we have that (1), (2) and (3) are equivalent. By Lemma 3.16, (2)
is equivalent to (4) and (5). Finally (6) and (1) are equivalent by Corollary 3.11. 
Proposition 4.3 and Lemma 3.16 show that even if the complex structure of the base
space Ω of the model depends only on the dynamics of f |A, its hyperbolic geometry is
related to the hyperbolic geometry of the whole X .
Example 4.4. Let f ∈ Hol(H,H) be defined by f(ζ) = ζ + i. Since f extends to a
univalent mapping f˜(ζ) = ζ + i of C to itself and H is absorbing for f˜ . Since kC ≡ 0,
it follows from Proposition 4.3 (or from the fact that every holomorphic mapping from
C to a hyperbolic Riemann surface is constant) that f˜ does not admit any model with
hyperbolic base space, which implies that neither does f .
The next example shows that there exists a self-map f of a hyperbolic manifold X
which admits a model whose base space is hyperbolic but is not biholomorphic to X .
Example 4.5. Let λ > 1 and set X := H \ {iλ−n}n∈N. Let f(ζ) := λζ . We can take
A := {ζ ∈ C : Im ζ > 1}. It is easy to see that A is f -absorbing and, since A is
biholomorphic to the unit disc, Proposition 4.3 applies. In such a case, f |A : A → A is
a “hyperbolic self-map” and, as we show in Section 5.4 (or see [28]), the base space Ω is
biholomorphic to the unit disc. Notice that f is univalent in X , but X/Aut(X) is not
compact.
Remark 4.6. Proposition 4.3 has the following consequence. Let X be a complex manifold
and let f ∈ Hol(X,X). If f admits a model (Ω, h, ψ) such that Ω is hyperbolic, then
every f -absorbing hyperbolic domain A ⊂ X such that f |A is univalent and A/Aut(A) is
compact is biholomorphic to Ω.
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If the corank of κΩ is greater than zero, it is not possible to find a model whose base
space is hyperbolic. Anyway, the next result shows that there exists a semi-model whose
base space is hyperbolic and which is, in some sense, canonical. Such a semi-model is
the maximum of all semi-models with hyperbolic base space with respect to the partial
ordering introduced in Remark 3.9.
Definition 4.7. Let X be a complex manifold and let f ∈ Hol(X,X). Let (Γ, g, α) be
a semi-model (Γ, g, α) with Γ hyperbolic. We say that (Γ, g, α) is a canonical Kobayashi
hyperbolic semi-model if for any semi-model (Λ, k, ϕ) for f such that Λ is hyperbolic,
there exists a morphism of models σˆ : (Γ, g, α)→ (Λ, k, ϕ).
The uniqueness of the canonical Kobayashi hyperbolic semi-model follows at once by
Corollary 3.8:
Proposition 4.8. Let X be a complex manifold and let f ∈ Hol(X,X). Suppose (Γ, g, α)
is a canonical Kobayashi hyperbolic semi-model for f . Then (Γ, g, α) is unique up to
isomorphisms of models.
Again we have essential uniqueness for the intertwining mapping once the base space
and the automorphism are fixed.
Corollary 4.9. Let X be a complex manifold and let f ∈ Hol(X,X). Let (Γ, g, α) and
(Γ, k, α) be two canonical Kobayashi hyperbolic semi-models for f . Then there exists an
automorphism η of Γ commuting with α such that g = η ◦ k.
Let now X be a complex manifold and let f ∈ Hol(X,X). Suppose A ⊂ X is an f -
absorbing hyperbolic domain for f such that f |A is univalent and A/Aut(A) is compact.
Let r : A→ Z be the map defined in Theorem 4.1. Let F be the non-singular holomorphic
foliation on Ω induced by r : Ω→ Z.
Theorem 4.10. Let X be a complex manifold and let f ∈ Hol(X,X). Suppose A ⊂ X
is an f -absorbing hyperbolic domain for f such that f |A is univalent and A/Aut(A) is
compact. Let (Ω, h, ψ) be a model for f . Then ψ preserves the foliation F of Ω, and thus
induces an automorphism τ : Z → Z such that
τ ◦ r = r ◦ ψ. (4.3)
The triple (Z, r ◦ h, τ) is a canonical Kobayashi hyperbolic semi-model for f .
Proof. Since Z is hyperbolic and the Kobayashi distance along the leaves of F is identically
zero by Theorem 4.1, it follows easily that kΩ(x, y) = 0 if and only if x and y belong to
the same leaf of F . The automorphism ψ preserves kΩ, and thus it preserves the foliation
F : two points x and y of Ω belong to the same leaf of F if and only if the images ψ(x)
and ψ(y) belong to the same leaf of F .
Let z ∈ Z. If the point x ∈ Ω belongs to the leaf r−1(z), we define τ : Z → Z by setting
τ(z) := r(ψ(x)).
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By the preceding discussion it follows that τ is well defined and is bijective.
We claim that τ is a holomorphic automorphism of Z. Let thus z ∈ Z and x ∈ r−1(z).
By the implicit function theorem there exists a neighborhood U of z and a holomorphic
map γ : U → Ω such that r ◦ γ = idU . But then
τ = r ◦ ψ ◦ γ
is holomorphic in U . It is then easy to see that (Z, r◦h, τ) is a semi-model with hyperbolic
base space.
Now, let (Λ, k, ϕ) be a semi-model for f , with Λ hyperbolic. By Theorem 3.13 there
exists a morphism of models ηˆ : (Ω, h, ψ) → (Λ, k, ϕ), that is η ∈ Hol(Ω,Λ) such that
k = η ◦h and η ◦ψ = ϕ ◦ η. Since Λ is hyperbolic, the mapping η is constant on the leaves
of F . Therefore, given z ∈ Z and x ∈ r−1(z), setting
σ(z) := η(x),
gives a well defined mapping σ : Z → Λ which satisfies η = σ ◦ r by construction. To see
that σ is holomorphic, just notice that σ = η ◦ γ on U , where U and γ are given by the
implicit function theorem as before.
Finally, notice that
ϕ ◦ σ ◦ r = σ ◦ r ◦ ψ = σ ◦ τ ◦ r,
which implies ϕ ◦ σ = σ ◦ τ. Hence σ induces a morphism of models from (Z, r ◦ h, τ)
to (Λ, k, ϕ), which shows that indeed (Z, r ◦ h, τ) is a canonical Kobayashi hyperbolic
semi-model. 
Corollary 4.11. Let X be a complex manifold and let f ∈ Hol(X,X). Suppose A ⊂ X
is an f -absorbing hyperbolic domain for f such that f |A is univalent and A/Aut(A) is
compact. Let (Z, ℓ, τ) be a canonical Kobayashi hyperbolic semi-model for f and assume
that 1 ≤ dimZ < dimX. Then f preserves the foliation induced by ℓ.
Proof. It follows from the fact that ψ preserves the foliation F of Ω. 
The hyperbolic step defined in Section 2 turns out to be useful for understanding the
nature of the canonical Kobayashi semi-model.
Lemma 4.12. Let X be a complex manifold and f ∈ Hol(X,X). Assume there exists
an f -absorbing domain A ⊂ X such that f |A is univalent and A/Aut(A) is compact. Let
(Z, ℓ, τ) be a canonical Kobayashi hyperbolic semi-model for f . Then c(f) = c(τ).
Proof. By Lemma 3.16 and Remark 4.2 for all x ∈ A we have
sm(x) = kZ(ℓ(x), τ
m(ℓ(x)). (4.4)
Hence, the result follows from Proposition 2.7. 
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Proposition 4.13. Let X be a complex manifold and f ∈ Hol(X,X). Assume there exists
an f -absorbing domain A ⊂ X such that f |A is univalent and A/Aut(A) is compact. Let
(Z, ℓ, τ) be a canonical Kobayashi semi-model for f . Then z ∈ Z is a fixed point of τ if
and only if there exists x ∈ X such that z = ℓ(x) and s(x) = 0.
Proof. Let (Ω, h, ψ) be a model for f . We can assume that the canonical Kobayashi
hyperbolic semi-model (Z, ℓ, τ) is given by Theorem 4.10, with ℓ := r ◦ h. Assume z is
a fixed point of τ , then the leaf r−1(z) of F is ψ-invariant, and thus r−1(z) ∩ h(X) 6= ∅
because h(X) is ψ-absorbing. If x ∈ X is such that h(x) ∈ r−1(z), then (4.4) shows that
s(x) = 0. Conversely, assume that x ∈ X satisfies s(x) = 0, then (4.4) shows that r−1(z)
is ψ-invariant, that is τ(z) = z. 
We end up this section by constructing a canonical Kobayashi hyperbolic semi-model for
any holomorphic self-map of a taut manifold whose sequence of iterates is not compactly
divergent.
Assume X is a taut complex manifold and f ∈ Hol(X,X). If {fm} is not compactly
divergent (for instance if f has a periodic or a fixed point in X) then by [1, Theorem
2.1.29] there exists a complex submanifold M ⊂ X (called the limit manifold of f) and a
holomorphic retraction ρ : X →M (which we call the canonical retraction associated with
f) such that ρ is a limit point of {fm} and every other limit point of {fm} is of the form
γ ◦ ρ for some automorphism γ of M . Moreover, f(M) = M , f |M is an automorphism
of M and ρ ◦ f = f ◦ ρ. Note that any f -absorbing domain A ⊂ X—if it exists—has to
contain M . Then we can construct a canonical Kobayashi hyperbolic semi-model in this
case.
Proposition 4.14. Assume X is a taut complex manifold and f ∈ Hol(X,X). Suppose
{fm} is not compactly divergent and let M be the limit manifold of f and ρ the canonical
retraction associated with f . Then (M, ρ, f |M) is a canonical Kobayashi hyperbolic semi-
model for f . In particular, f has a model with hyperbolic base space if and only if f is an
automorphism of X.
Proof. Clearly, (M, ρ, f |M) is a Kobayashi hyperbolic semi-model for f . In order to prove
that it is a canonical one, we prove that for any Kobayashi hyperbolic semi-model (Λ, k, ϕ)
there exists a morphism of models ηˆ : (M, ρ, f |M) → (Λ, k, ϕ). Since ρ is a limit point of
{fm} there exists a subsequence {fmn} converging to ρ uniformly on compacta of X . Let
x, y ∈ X be such that ρ(x) = ρ(y). For all n ≥ 0 we have
k ◦ fmn = ϕmn ◦ k,
and thus
0 = kΛ(k(ρ(x)), k(ρ(y)) = lim
n→∞
kΛ(k(f
mn(x)), k(fmn(y)))
= lim
n→∞
kΛ(ϕ
mn(k(x)), ϕmn(k(y))) = kΛ(k(x), k(y)).
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Since Λ is hyperbolic this implies k(x) = k(y). Therefore k is constant along the fibers of
ρ, hence k ◦ ρ = k. Thus, it is easy to see that the map η : M → Λ defined as η = k|M
gives the desired morphism of models. 
5. Univalent self-maps of the ball
5.1. Iteration in the unit ball. In this section we focus on the model problem for
univalent self-maps of the unit ball. We briefly recall here some facts about holomorphic
self-maps of the unit ball, referring the reader to [1], [43] for details and proofs.
We use the Poincare´ metric of the disc D with constant curvature −1. Let Bq := {z ∈
Cq : ‖z‖ < 1}, and recall that for all z ∈ Bq we have
kBq(0, z) = log
1 + ‖z‖
1− ‖z‖ ,
while kBq(z, w) = kBq(0, Tw(z)) where Tw ∈ Aut(Bq) is any automorphism of Bq which
maps w to 0.
The Siegel upper half-space Hq is defined by
H
q =
{
(z, w) ∈ C× Cq−1, Im (z) > ‖w‖2} .
Recall that Hq is biholomorphic to the ball Bq via the Cayley transform Ψ: Bq → Hq
defined as
Ψ(z) = i
e1 + z
1 − z1 .
In several variables the natural notion of limit at the boundary of the ball is defined
using the Kora´nyi approach regions. If a ∈ ∂Bq, then the set
K(a, R) := {z ∈ Bq : |1− (z, a)| < R(1− ‖z‖)}
is a Kora´nyi region of vertex a and amplitude R > 1 (see [1, Section 2.2.3]). In [43,
Section 5.4.1] a slightly different but essentially equivalent definition is given and used.
Let f : Bn → Cm be a holomorphic map. We say that f has K-limit L at a—and we
write K- limz→a f(z) = L—if for each sequence {zk} ⊂ Bq converging to a such that {zk}
belongs eventually to some Kora´nyi region of vertex a, we have that f(zk)→ L.
In what follows we shall also need a slightly weaker notion of limit.
Definition 5.1. A sequence {zk} ⊂ Bn converging to a ∈ ∂Bq is said to be restricted at
a if and only if 〈zk, a〉 → 1 non-tangentially in D, while it is said to be special at a if and
only if
lim
k→∞
kBn(zk, 〈zk, a〉a) = 0.
This latter condition is equivalent to limk→∞
‖zk−〈zk,a〉a‖
2
1−|〈zk,a〉|2
= 0. We say that {zk} is
admissible at a if it is both special and restricted at a. We say that f has admissible limit
(or restricted K-limit) L at a—and we write ∠K limz→a f(z) = L—if for every admissible
sequence {zk} ⊂ Bn converging to a we have that f(zk)→ L.
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One can show that
K- lim
z→a
f(z) = L =⇒ ∠K lim
z→a
f(z) = L,
but the converse implication is not true in general.
For the convenience of the reader we recall the following Lemma proved in [21, Lemma
2.4].
Lemma 5.2. Let {zk} be a sequence in Bq converging to a ∈ ∂Bq. Then the following are
equivalent:
(1) {zk} is eventually contained in some Kora´nyi region with vertex a,
(2) {zk} is restricted at a and the sequence {kBn(zk, 〈zk, a〉a)} is bounded.
Recall that the group of automorphisms Aut(Bq) is made of linear fractional maps (see
e.g. [1, 43]). In particular every automorphism of Bq extends analytically to ∂Bq. An
automorphism τ ∈ Aut(Bq) is elliptic if it has fixed points in Bq. If τ is not elliptic, then
it is hyperbolic if it has exactly two different fixed points in ∂Bq , and it is parabolic if it
has exactly one fixed point in ∂Bq .
Given a holomorphic self-map f : Bq → Bq with no fixed points in Bq there exists
a unique point a ∈ ∂Bq, called the Denjoy-Wolff point of f , such that {fn} converges
uniformly on compacta to the constant map z 7→ a. Moreover, K- limz→a f(z) = a. The
dilation (also called the boundary dilatation coefficient) of f at its Denjoy-Wolff point
a ∈ ∂Bq is defined as
λf := lim inf
z→a
1− ‖f(z)‖
1− ‖z‖ ∈ (0, 1].
The partition of the family of automorphisms in three different categories can be ex-
tended to a partition of the family of self-maps of the ball.
Definition 5.3. A map f ∈ Hol(Bq,Bq) is elliptic if it has fixed points in Bq. If f is not
elliptic, then it is hyperbolic if its dilation λf ∈ (0, 1), and it is parabolic if its dilation
λf = 1.
Let f ∈ Hol(Bq,Bq) be non-elliptic, with Denjoy-Wolff point a and dilation λf ∈ (0, 1].
Recall that the horosphere E(a, R) of center a and radius R > 0 is defined as
E(a, R) :=
{
z ∈ Bq : |1− 〈z, a〉|
2
1− ‖z‖2 < R
}
.
It follows from the several variable version of Julia’s Lemma ([43, Thm. 8.5.3] and [1,
Thm. 2.2.21]) that for all R > 0,
f(E(a, R)) ⊂ E(a, λfR). (5.1)
Let e1 = (1, 0, . . . , 0). Since the group of automorphisms of B
q acts bi-transitively on
∂Bq , in our considerations regarding boundary points a ∈ Bq we will often assume without
loss of generality that a = e1.
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We shall need the following generalization to higher dimension of [24, Prop.3.3].
Proposition 5.4. Let f ∈ Hol(Bq,Bq) with Denjoy-Wolff point e1 and dilation λf ∈ (0, 1].
Then for any admissible sequence {zk} which converges to e1 such that limk→∞ 1−〈zk,e1〉|1−〈zk,e1〉| =
c, it follows
lim
k→∞
kBq(zk, f(zk)) = log
|c2 + λf |+ (1− λf)
|c2 + λf | − (1− λf) . (5.2)
In particular, if f is parabolic, i.e. λf = 1, then for any admissible sequence {zk} which
converges to e1 we have limk→∞ kBq(zk, f(zk)) = 0.
Proof. Let π1(z) = (z1, 0, . . . , 0). First of all, we claim that {f(zk)} is special, namely
lim
k→∞
kBq(π1(f(zk)), f(zk)) = 0. (5.3)
Equation (5.3) is equivalent to
lim
k→∞
‖f(zk)− 〈f(zk), e1〉e1‖2
1− |〈f(zk), e1〉|2 = 0. (5.4)
Since {zk} is admissible, by Rudin’s Julia-Wolff-Carathe´odory theorem (see [43, Thm.
8.5.6] or [1, Thm. 2.2.29]) it follows that
lim
k→∞
‖f(zk)− 〈f(zk), e1〉e1‖
|1− 〈zk, e1〉|1/2 = 0. (5.5)
Notice also that
lim inf
k→∞
1− |〈f(zk), e1〉|
|1− 〈zk, e1〉| ≥ lim infk→∞
1− ‖f(zk)‖
‖e1 − zk‖
‖e1 − zk‖
|1− 〈zk, e1〉|
≥ lim inf
k→∞
1− ‖f(zk)‖
1− ‖zk‖
‖e1 − zk‖
|〈e1 − zk, e1〉| ≥ λf .
(5.6)
From (5.6) it follows that
lim sup
k→∞
|1− 〈zk, e1〉|
1− |〈f(zk), e1〉|2 ≤ C < +∞ (5.7)
for some constant C > 0. Hence by (5.5) and (5.7) we have
lim sup
k→∞
‖f(zk)− 〈f(zk), e1〉e1‖2
1− |〈f(zk), e1〉|2
= lim sup
k→∞
(‖f(zk)− 〈f(zk), e1〉e1‖
|1− 〈zk, e1〉|1/2
)2
· |1− 〈zk, e1〉|
1− |〈f(zk), e1〉|2 = 0,
and (5.4) is proved.
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Now, in order to prove (5.2), we notice that by (5.3) and since {zk} is admissible,
lim sup
k→∞
kBq(zk, f(zk)) ≤ lim sup
k→∞
[kBq(π1(zk), π1(f(zk))) + kBq(π1(f(zk)), f(zk))
+ kBq(π1(zk), zk)] = lim sup
k→∞
kBq(π1(zk), π1(f(zk))).
Thus we are left to compute lim supk→∞ kBq(π1(zk), π1(f(zk))), and we show that such a
limit actually exists. Now, kBq(π1(zk), π1(f(zk))) = log
1+|Tk|
1−|Tk|
, where, setting ζk := 〈zk, e1〉
and g(zk) := 〈f(zk), e1〉 we have
Tk :=
ζk − g(zk)
1− ζkg(zk)
.
A direct computation shows
Tk =
1
ζk +
1−ζk
1−g(zk)
1−ζk
1−ζk
− 1
ζk
1−g(zk)
1−ζk
+ 1−ζk
1−ζk
(5.8)
By Rudin’s Julia-Wolff-Carathe´odory theorem, 1−g(zk)
1−ζk
→ λf . Moreover, since {π1(zk)}
converges to e1 non-tangentially by hypothesis, it follows that Re c 6= 0. Then
1− ζk
1− ζk =
1− ζk
|1− ζk|
|1− ζk|
1− ζk →
c
c
= c2 6= −1.
Hence, taking the limit in (5.8) it follows that Tk → 1−λfc2+λf as k →∞. Therefore
lim sup
k→∞
kBq(zk, f(zk)) ≤ lim
k→∞
kBq(π1(zk), π1(f(zk))) = log
|c2 + λf |+ (1− λf)
|c2 + λf | − (1− λf) .
By the contractivity property of the Kobayashi distance under holomorphic maps, for all
k we have kBq(π1(zk), π1(f(zk))) ≤ kBq(zk, f(zk)). Thus we have the result. 
Remark 5.5. Let {zk} ⊂ Bq be admissible, with limit e1 and let f ∈ Hol(Bq,Bq) with
Denjoy-Wolff point e1. Since {zk} eventually belongs to Kora´nyi region with vertex e1, it
follows that {f(zk)} is eventually contained in a Kora´nyi region with vertex e1 (see, e.g.,
[17, Lemma 1.10]). By Lemma 5.2 it follows that {f(zk)} is restricted, and by (5.3) we
have that the sequence {f(zk)} is admissible at e1.
5.2. A generalization of the Lindelo¨f theorem. The classical Lindelo¨f theorem states
that if h ∈ Hol(D,D) admits a limit L ∈ D along a continuous curve in D which tends
to 1 then h has non-tangential limit L at 1. Such a result has been generalized to the
unit ball by Cˇirca (see, e.g., [1, Thm. 2.2.25] or [43, Theorem 8.4.8]) who proved that
if h ∈ Hol(Bq,Ck) is bounded and admits a limit L ∈ Ck along a special continuous
curve in Bq which converges to e1, then ∠K limz→e1 h(z) = L. Such a result (and its
generalization for normal functions or functions which are bounded in Kora´nyi regions)
has been generalized to strongly convex domains (using the so-called Lempert projection
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devices) and to strongly pseudoconvex domains by Abate [1, 2, 3], by Cima and Krantz
[23] and others (we refer the reader to the paper [4] for a detailed account about the
subject).
Here we prove a generalization of Lindelo¨f theorem in the ball which does not use
continuous curves but rather sequences. Such a result seems to be new also for the
one-dimensional case. We point out that the same proof applies to the case of bounded
strongly convex domains with smooth boundary, using the Lempert projection devices.
We leave the details to the interested reader.
Theorem 5.6. Let k, q ∈ N and let h ∈ Hol(Bq,Bk). Suppose that {zn} ⊂ Bq is a sequence
converging to a point a ∈ ∂Bq. Assume that there exists C > 0 such that for all n ∈ N,
kBq(zn, zn+1) ≤ C, and kBq(zn, 〈zn, a〉a) ≤ C. (5.9)
If limn→∞ h(zn) = b ∈ ∂Bk then K- limz→a h(z) = b.
Proof. Without loss of generality, we can suppose a = e1 and set π(z) := 〈z, e1〉e1.
Recall that the Kobayashi distance of Bq is convex, namely (see, e.g., [36, Lemma 4.1]):
(1) for all x, y, z, w ∈ Bq and t ∈ [0, 1] we have
kBq(tx+ (1− t)y, tz + (1− t)w) ≤ max{kBq(x, z), kBq(y, w)}; (5.10)
(2) for all x, y ∈ Bq and t, s ∈ [0, 1] we have
kBq(tx+ (1− t)y, sx+ (1− s)y) ≤ kBq(x, y). (5.11)
Define the curve γ : [0,+∞)→ Bq as follows. For t ≥ 0, let I(t) denote the integer part
of t and [t] := t− I(t) ∈ [0, 1). Then we set γ(t) := (1 − [t])zn + [t]zn+1 if t ∈ [n, n + 1),
n ∈ N. The curve is the piecewise affine interpolation of the sequence {zn} and it is
clearly continuous.
Notice that γ(n) = zn for n ∈ N and limN∋n→∞ zn = e1 by assumption. For m ∈ N let
Bm denote the Euclidean ball of center e1 and radius 1/m. Then for every fixed m, the
sequence {zn} is eventually contained in Bm and, since Bm ∩ Bq is convex, the curve γ is
eventually contained in Bm. Hence limt→∞ γ(t) = e1.
Note that for all n ∈ N, h(γ(n)) = h(zn), hence limN∋n→∞ h(γ(n)) = b. Let {tk} ⊂
[0,+∞) be any sequence which converges to ∞, and let nk := I(tk) ∈ N, so that tk ∈
[nk, nk + 1). Then
kBk(h(γ(tk)), h(γ(nk))) ≤ kBq(γ(tk), γ(nk)) = kBq((1− [tk])znk + [tk]znk+1, znk)
(5.11)
≤ kBq(znk , znk+1)
(5.9)
≤ C.
Hence limk→∞ h(γ(tk)) = b, and by the arbitrariness of the sequence {tk} we have
limt→∞ h(γ(t)) = b.
Next, define β(t) := π(γ(t)). Clearly, β : [0,+∞) → Bq is continuous and moreover,
limt→∞ β(t) = e1. Trivially, the curve β is contained in De1. As before, let {tk} ⊂ [0,+∞)
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be any sequence which converges to ∞, and let nk := I(tk) ∈ N. Then
kBk(h(γ(tk)), h(β(tk))) ≤ kBk(γ(tk), β(tk))
= kBq((1− [tk])znk + [tk]znk+1, (1− [tk])π(znk) + [tk]π(znk+1))
(5.10)
≤ max{kBq(znk , π(znk)), kBq(znk+1, π(znk+1))}
(5.9)
≤ C.
Hence, since limk→∞ h(γ(tk)) = b, it follows that limk→∞ h(β(tk)) = b, and by the arbi-
trariness of the sequence {tk} we have limt→∞ h(β(t)) = b.
The classical Lindelo¨f theorem applied to each component of the map D ∋ ζ 7→ h(ζe1) ∈
Bk implies that ∠ limζ→1 h(ζe1) = b.
If {wn} ⊂ Bq is any sequence converging to e1 eventually contained in a Kora´nyi region
of vertex e1, then by Lemma 5.2 there exists M > 0 such that kBq(wn, π(wn)) < M for all
n ∈ N and {π(wn)} converges to 1 non-tangentially. Hence it follows that
lim
n→∞
kBk(h(wn), h(π(wn)) ≤ lim
n→∞
kBq(wn, π(wn)) < M,
and since limn→∞ h(π(wn)) = b, we have limn→∞ h(wn) = b, proving the theorem. 
It is easy to see that the previous proof can be adapted to the case b ∈ Bk assuming
that the sequence {zn} is special and the hyperbolic distance between two consecutive
elements tends to zero (in this case we only obtain the existence of the admissible limit),
namely:
Theorem 5.7. Let k, q ∈ N and let h ∈ Hol(Bq,Bk). Suppose that {zn} ⊂ Bq is a special
sequence converging to a point a ∈ ∂Bq. Assume that
lim
n→∞
kBq(zn, zn+1) = 0. (5.12)
If limn→∞ h(zn) = b ∈ Bk then ∠K limz→e1 h(z) = b.
5.3. Canonical Kobayashi hyperbolic semi-models in the unit ball. If f : Bq → Bq
is an elliptic univalent self-map, then by Proposition 4.14 it admits a canonical Kobayashi
hyperbolic semi-model (M, ρ, f |M) whereM is biholomorphic to a ball Bk with 0 ≤ k ≤ q.
Since the fixed points of f are contained in M , we have that the canonical Kobayashi
hyperbolic semi-model of an elliptic self-map of Bq is either trivial or of elliptic type.
In order to deal with the non-elliptic cases, we introduce an invariant way of dealing with
the dilation of a holomorphic self-map with no interior fixed points. Since automorphisms
act doubly transitively on ∂Bn, we will often assume, without any loss of generality, that
the Denjoy-Wolff point is the point e1.
A similar result is proved in [24, Proposition 3.4] in the case of the unit disc assuming
the existence of a non-tangential orbit. We recall that the definition of the divergence
rate c(f) is given in Definition 2.5.
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Proposition 5.8. Let f ∈ Hol(Bq,Bq) with no interior fixed points. Assume e1 is the
Denjoy-Wolff point of f and let λf ∈ (0, 1] be its dilation. Then
c(f) = − log λf . (5.13)
Proof. Define zm := f
m(0). Thus
lim inf
m→∞
1− ‖zm+1‖
1− ‖zm‖ ≥ λf ,
and
lim inf
m→∞
(1− ‖zm‖)1/m ≥ lim inf
m→∞
1− ‖zm+1‖
1− ‖zm‖ ≥ λf .
Hence,
lim
m→∞
kBq(0, zm)
m
= lim
m→∞
log
(
1 + ‖zm‖
1− ‖zm‖
)1/m
≤ log(1/λf) = − log(λf).
Thus if f is parabolic, we have
lim
m→∞
1
m
kBq(0, f
m(0)) = 0,
and (5.13) holds.
Assume now f is hyperbolic. Let R ∈ (0, 1] and let E(e1, R) be a horosphere. Note
that
inf
z∈E(e1,R)
kBq(0, z) = kBq
(
0, (
1−R
1 +R
, 0)
)
= − logR. (5.14)
Since 0 ∈ ∂E(e1, 1), by (5.1), it follows that fm(0) ∈ E(e1, λmf ) for all m ∈ N. Hence by
(5.14),
1
m
kBq(0, f
m(0)) ≥ 1
m
kBq
(
0, (
1− λmf
1 + λmf
, 0)
)
= − log λf ,
which proves that limm→∞
1
m
kBq(0, f
m(0)) = − log λf .

Corollary 5.9. Let q, k ∈ N. Let f ∈ Hol(Bq,Bq) with no interior fixed points and let λf
be its dilation. Let g ∈ Hol(Bk,Bk) with no interior fixed points and let λg be its dilation.
Suppose that f is semiconjugate to g, that is, suppose there exists h ∈ Hol(Bq,Bk) such
that h ◦ f = g ◦ h. Then λf ≤ λg.
In particular, a parabolic self-map of Bq cannot be semiconjugate to a hyperbolic self-
map of Bk.
Proof. It follows from Proposition 5.8 and Lemma 2.9. 
If the semiconjugation is the intertwining mapping of a canonical Kobayashi hyperbolic
semi-model, then the inequality between dilations is in fact an equality.
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Corollary 5.10. Let f ∈ Hol(Bq,Bq) be univalent and with no interior fixed points and
let λf be its dilation. Let (B
k, ℓ, τ) be a canonical Kobayashi hyperbolic semi-model for f
given by Theorem 4.10. Suppose τ has no interior fixed points, and let λτ be its dilation.
Then λf = λτ .
Proof. By Lemma 4.12 we have c(f) = c(τ). The result follows from Proposition 5.8. 
Before considering in detail the hyperbolic and parabolic case, we prove a regularity
result for the intertwining map at the Denjoy-Wolff point:
Proposition 5.11. Let f ∈ Hol(Bq,Bq) be a self-map with no interior fixed points and
let a ∈ ∂Bq be its Denjoy-Wolff point. Suppose f is semiconjugate to a non-elliptic
τ ∈ Aut(Bk), i.e., there exists ℓ ∈ Hol(Bq,Bk) such that ℓ ◦ f = τ ◦ ℓ. Let b ∈ ∂Bk be the
Denjoy-Wolff point of τ . Then
(1) if f is hyperbolic, K- limz→a ℓ(z) = b,
(2) if f is parabolic, ∠K limz→a ℓ(z) = b.
Proof. (1) Assume f is hyperbolic. Fix p ∈ Bq and let zn := fn(p). By [22, Section 3.5],
any orbit of f is eventually contained in a Kora´nyi region of vertex e1. By Lemma 5.2
this implies that there exists C > 0 such that for all n ∈ N
kBq(zn, π(zn)) ≤ C. (5.15)
Note that kBq(zn, zn+1) ≤ kBq(p, f(p)) and limn→∞ zn = a. Moreover, limn→∞ ℓ(zn) =
limn→∞ τ
n(ℓ(p)) = b, hence the result follows from Theorem 5.6.
(2) Assume f is parabolic. By Corollary 5.9 we have that τ is necessarily a parabolic
automorphism of Bk.
Since τ is parabolic, if y ∈ Bk is such that τ(y) = y, then necessarily y = b.
Let {zm} be an admissible sequence which converges to a and assume that ℓ(zm) →
x ∈ Bk. Then
kBk(ℓ(zm), τ(ℓ(zm))) = kBk(ℓ(zm), (ℓ(f(zm)))) ≤ kBq(zm, f(zm)).
Hence by Proposition 5.4,
lim
k→∞
kBk(ℓ(zm), τ(ℓ(zm))) = 0.
Therefore τ(x) = x, which implies x = b.

5.4. The hyperbolic case.
Theorem 5.12. Let f ∈ Hol(Bq,Bq) be a univalent hyperbolic self-map with dilation
λf ∈ (0, 1) and Denjoy-Wolff point a ∈ ∂Bq. Then f admits a canonical Kobayashi
hyperbolic semi-model (Bk, ℓ, τ) of hyperbolic type with dilation λf . Moreover, if b ∈ ∂Bk
is the Denjoy-Wolff point of τ , then K- limz→a ℓ(z) = b
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Proof. By Theorem 4.10, f admits a canonical Kobayashi hyperbolic semi-model and by
Theorem 4.1, the base space is biholomorphic to Bk for some 0 ≤ k ≤ q. Note that
by Lemma 4.12 and by (5.13), we have c(τ) = c(f) = − log λf , hence k ≥ 1 and τ is
a hyperbolic automorphism of Bk with multiplier λf . The last statement follows from
Proposition 5.11. 
Remark 5.13. Let f ∈ Hol(Bq,Bq) be a hyperbolic self-map with dilation λf ∈ (0, 1).
Suppose f admits a canonical Kobayashi hyperbolic semi-model (Bk, ℓ, τ) of hyperbolic
type with dilation λf , for some 1 ≤ k ≤ q. By [1, Proposition 2.2.10] there exists a
(k − 1)× (k − 1) unitary matrix U and a biholomorphism γ : Bk → Hk such that
ϕ(z) := γ ◦ τ ◦ γ−1(z) =
(
z1
λf
,
1√
λf
U(z′)
)
.
Defining σ := γ ◦ ℓ we see that (Hk, σ, ϕ) is a canonical Kobayashi hyperbolic semi-model
for f .
Corollary 5.14. Let f ∈ Hol(Bq,Bq) be a univalent hyperbolic self-map with Denjoy-
Wolff point a ∈ ∂Bq and dilation λf ∈ (0, 1). Then there exists a holomorphic solution
Θ: Bq → H to the Valiron equation
Θ ◦ f = 1
λf
Θ (5.16)
which satisfies K- limz→aΘ(z) =∞ and⋃
n≥0
λnf (Θ(B
q)) = H. (5.17)
Moreover, any holomorphic solution Θ: Hq → H of (5.16) satisfies (5.17).
Proof. Let (Hk, ℓ, τ) be the canonical Kobayashi hyperbolic semi-model given by Theorem
5.12, with the form given in Remark 5.13. Let π1 : H
k → H be the projection π1(z1, z′) =
z1. Then
(
H, π1 ◦ ℓ, x 7→ xλf
)
is a semi-model. Thus Θ := π1 ◦ ℓ solves (5.16).
Conversely, suppose that Θ: Bq → H is a holomorphic mapping which solves (5.16).
Then (⋃
n≥0
λnf (Θ(B
q)),Θ, x 7→ x
λf
)
is a Kobayashi hyperbolic semi-model for f . Since (Hk, ℓ, τ) is canonical, there exists a
holomorphic surjective mapping
σ : Hk →
⋃
n≥0
λnf (Θ(B
q)) ⊂ H
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such that Θ = σ ◦ ℓ, and σ ◦ τ = 1
λf
σ. Then for all z ∈ H,
σ
(
1
λf
z, 0
)
=
1
λf
σ(z, 0),
which by a result of Heins [32] implies that σ(z, 0) = az for some a > 0, which implies
that σ(Hk) = H. 
In particular, in dimension q = 2, Theorem 5.12 allows us to describe a model for f .
Corollary 5.15. Let f ∈ Hol(B2,B2) be univalent, with Denjoy-Wolff point a ∈ ∂B2 and
dilation λf ∈ (0, 1). Let (Ω, h, τ) be a model for f . Then, up to isomorphism of models,
one and only one of the following cases is possible:
(1) Ω = B2 and τ is a hyperbolic automorphism of B2 with dilation λf . Moreover, if
b ∈ ∂B2 is the Denjoy-Wolff point of τ , then K- limz→a h(z) = b.
(2) Ω = H× C and
τ(ζ, w) =
(
ζ
λf
, δ1(ζ)w + δ2(ζ)
)
,
where δ1, δ2 ∈ Hol(H,C) and δ1(ζ) 6= 0 for all ζ ∈ H. Moreover, K- limz→a h1(z) =
∞.
Proof. Let (Bk, ℓ, θ) be a canonical Kobayashi hyperbolic semi-model for f . By Theorem
5.12, k ≥ 1. If k = 2 we are in the first case and the statement follows from Theorem
5.12. If k = 1, by [30, Main Theorem] the base space Ω is biholomorphic to D× C, and
the result follows from Theorem 5.12. 
In the case of a univalent hyperbolic linear fractional map there is a complete description
of the model and of the canonical Kobayashi hyperbolic semi-model. These also provide
examples for which the base space of the canonical Kobayashi hyperbolic semi-model has
dimension between 1 and q.
Example 5.16 (Linear fractional case). Let f : Hq → Hq be a univalent hyperbolic linear
fractional map. By [13, Proposition 2.3] the map f is conjugated by an automorphism
h : Hq → Hq to the map g : Hq → Hq defined as
g(z1, z
′) = (λz1 + b,Du,Av + c),
where u = (z2, . . . , zp), v = (zp+1, . . . , zq) , 1 ≤ p ≤ q and
(1) D is a diagonal matrix with coefficients of absolute value
√
λ,
(2) A is a invertible matrix such that matrix Q := λI − A∗A is hermitian positive
definite,
(3) b is pure imaginary and |c|2 + (Q−1A∗c, A∗c) ≤ Im b < λ− 1.
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Notice that g is the restriction of an automorphism of Cq to Hq (which we still denote by
g). Thus, if Ω :=
⋃
n≥0 g
−n(Hq), then (Ω, h, g) is a model for f . By [13, Theorem 2.5], we
have
Ω =
{
(z1, u, v) ∈ Cq : Im (z1) > |u|2 − Im b
λ− 1
}
.
Notice that Λ :=
{
(z1, u) ∈ Cp : Im (z1) > |u|2 − Im bλ−1
}
is biholomorphic to Hp, and that
Ω = Λ×Cq−p. Define r : Ω→ Λ as r(z1, u, v) := (z1, u) and the hyperbolic automorphism
τ of Λ as τ(z1, u) := (λz1+ b,Du). Then (Λ, r ◦ h, τ) is a canonical Kobayashi hyperbolic
semi-model for f .
5.5. The parabolic case.
Theorem 5.17. Let f ∈ Hol(Bq,Bq) be a univalent hyperbolic self-map with dilation
λf = 1 and Denjoy-Wolff point a ∈ ∂Bq. Then
i) either there exists z0 ∈ Bq such that s(z0) = 0, and then the canonical Kobayashi
semi-model is trivial or of elliptic type,
ii) or s(z) > 0 for all z ∈ Bq, and then f admits a canonical Kobayashi hyperbolic
semi-model of parabolic type.
Moreover, in case ii), if (Bk, ℓ, τ) is a canonical Kobayashi hyperbolic semi-model and
b ∈ ∂Bk is the Denjoy-Wolff point of τ , then ∠K limz→a ℓ(z) = b.
Proof. Part i) follows from Proposition 4.13. So assume that s(z) > 0 for all z ∈ Bq and
let (Bk, ℓ, τ) be a canonical Kobayashi semi-model. The automorphism τ has no interior
fixed points, thus it has to be parabolic by Corollary 5.10. The last statement follows
from Proposition 5.11. 
Corollary 5.18. Let f : Bq → Bq be a parabolic univalent self-map with Denjoy-Wolff
point a ∈ ∂Bq. Assume there exists a point z ∈ Bq with such that {fk(z)} is admissible
at a. Then s(z) = 0, and thus the canonical Kobayashi semi-model of f is either trivial
or of elliptic type.
Proof. If {zk := fk(z)} is admissible at a, by Proposition 5.4 it follows that s(z) =
limk→∞ kBq(zk, f(zk)) = 0, and Theorem 5.17 gives the result. 
Example 5.19 (Linear fractional case). Let f : Hq → Hq be a univalent parabolic linear
fractional map. By [12], f is conjugated by an automorphism h : Hq → Hq to the map
g : Hq → Hq defined as
g(z1, z
′) = (z1 + 2i〈u, a〉+ 2i〈w, c〉+ b, u+ a,Dv,Aw),
where u = (z2, . . . , zr), v = (zr+1, . . . , zp), w = (zp+1, . . . , zq) , 1 ≤ r ≤ p ≤ q and
(1) D is a diagonal matrix with coefficients of absolute value 1,
(2) A is invertible matrix such that the matrix Q := I − AA∗ is hermitian positive
definite,
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(3) Im b− |a|2 ≥ 〈Q−1c, c〉.
Notice that g is the restriction of an automorphism of Cq to Hq (which we still denote by
g). Thus, if Ω :=
⋃
n≥0 g
−n(Hq), then (Ω, h, g) is a model for f . By [12, Theorem 3.1] we
have a dichotomy for Ω:
i) if Im b− |a|2 > 0 then Ω = Cq,
ii) if Im b− |a|2 = 0 then Ω = {(z1, u, v, w) ∈ Cq : Im (z1) > |u|2 + |v|2} .
In case i) the canonical Kobayashi semi-model is trivial. In case ii), notice that c = 0 and
Λ := {(z1, w) ∈ Cp : Im (z1) > |u|2 + |v|2} is biholomorphic to Hp, and that Ω = Λ×Cq−p.
Define r : Ω → Λ as r(z1, u, v, w) := (z1, u, v) and the parabolic automorphism τ of Λ as
τ(z1, u, v) := (z1 + 2i〈u, a〉 + b, u + a,Dv). Then (Λ, r ◦ h, τ) is a canonical Kobayashi
hyperbolic semi-model for f .
Remark 5.20. Looking at the previous example, we see that the dichotomy of Proposition
5.17 has the following stronger form in the linear fractional case:
i) if there exists z ∈ Bq such that s(z) = 0, then the canonical Kobayashi hyperbolic
semi-model is trivial,
ii) if s(z) > 0 for all z ∈ Bq, then the canonical Kobayashi hyperbolic semi-model is
parabolic.
Open Question: we do not know whether the alternative (i) of Theorem 5.17 can happen
with a canonical Kobayashi semi-model of elliptic type. Namely, we do not know whether
there exists a univalent parabolic self-map of Bq with a (non trivial) canonical Kobayashi
hyperbolic semi-model of elliptic type.
5.6. Non-canonical Kobayashi hyperbolic semi-models. Let f ∈ Hol(Bq,Bq) be
univalent. Then, by the previous results, f admits a canonical Kobayashi hyperbolic
semi-model (Bk, ℓ, τ). By Proposition 4.8 the canonical Kobayashi hyperbolic semi-model
is essentially unique and in particular its type is univocally determined by f .
A more difficult question is to determine all possible Kobayashi hyperbolic semi-models
of f . Clearly, if the canonical Kobayashi hyperbolic semi-model of f is trivial, then all
Kobayashi hyperbolic semi-models of f are trivial. However, in the non-trivial case, a
priori, the base space of a semi-model for f is not necessarily biholomorphic to a ball and
the answer to the problem in its generality seems to be hopeless. Thus one can restrict
the problem to determine any possible Kobayashi hyperbolic semi-model of f whose base
space is (biholomorphic to) a ball, and whether or how the type of such a semi-model
can be determined by f and its dynamical properties. We have the following result which
generalizes the corresponding results for the one-dimensional case in [39, 27].
Proposition 5.21. Let q,m ≥ 1. Let f ∈ Hol(Bq,Bq). Let τ ∈ Aut(Bm) and let η ∈
Hol(Bq,Bm) be such that η ◦ f = τ ◦ η.
(1) If f is elliptic then τ is elliptic.
(2) If f is parabolic then τ is either elliptic or parabolic.
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(3) If f is hyperbolic with dilation λf then τ is either elliptic, parabolic, or hyperbolic
with dilation λτ ≥ λf .
(4) If f is hyperbolic with Denjoy-Wolff point a ∈ ∂Bq, dilation λf and
αη(a) := lim inf
z→a
1− ‖η(z)‖
1− ‖z‖ < +∞, (5.18)
then τ is hyperbolic with dilation λτ = λf .
Proof. (1) if f is elliptic, then necessarily τ has to be elliptic, because if z ∈ Bq is fixed
by f , then η(z) is fixed by τ .
(2) If f is parabolic, then τ cannot be hyperbolic, by Proposition 5.9.
(3) It follows at once from Proposition 5.9.
(4) By Rudin’s Julia-Wolff-Carathe´odory’s theorem (see [43, Thm. 8.5.6] or [1, Thm.
2.2.29]) it follows that there exists b ∈ ∂Bm such that ∠K limz→a η(z) = b. By Remark 5.5,
for any admissible sequence {zk} converging to a we have that {f(zk)} is an admissible
sequence which converges to a. Hence, if {zk} is an admissible sequence converging to a,
we have that
τ(η(zk)) = η(f(zk)) −→ b.
Hence b is a fixed point of τ . By the chain rule for boundary dilatation coefficients (see,
e.g., [5]) it follows that αη(a) · λf = λτ · αη(a) hence the dilation of τ at b is λf , which
also implies that τ is hyperbolic. 
A parabolic/hyperbolic holomorphic self-map of the ball may admit Kobayashi hyper-
bolic semi-models of elliptic type, as the following example shows.
Example 5.22. Let f : D → D be a parabolic or hyperbolic automorphism of the unit
disc. Let Γ be the cyclic group generated by f . Then D/Γ is either biholomorphic to
the punctured disc D∗ or to the annulus A = {ζ ∈ C : r < |ζ | < 1} for some r ∈ (0, 1).
Let ρ : D → D/Γ be the covering map. Let g ∈ Aut(D) be a hyperbolic automorphism
such that g({|ζ | ≤ r}) is contained in D ∩ {Re ζ > 0}. Then define ψ˜ : D/Γ → D as
ψ˜(ζ) := g(ζ)2. Note that ψ˜ is holomorphic and surjective. Now, let ψ := ψ˜ ◦ ρ : D → D.
Then ψ is a holomorphic surjective map and ψ ◦ f = ψ˜ ◦ ρ ◦ f = ψ˜ ◦ ρ = ψ. Hence,
(D, ψ, id) is a Kobayashi hyperbolic semi-model for f of elliptic type.
A univalent hyperbolic map always admits a Kobayashi hyperbolic semi-model of par-
abolic type. The following result seems to be new also for the one dimensional case. We
wish to thank Pavel Gumenyuk for the construction of the map ψ˜ in the proof.
Proposition 5.23. Let f ∈ Hol(Bq,Bq) be a univalent hyperbolic self-map of Bq. Then f
admits a Kobayashi hyperbolic semi-model of parabolic type with base space the unit disc.
Proof. Let (H,Θ, w 7→ λw), λ > 1, be the Kobayashi hyperbolic semi-model for f given
in Corollary 5.14.
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In order to construct such a semi-model, we construct a surjective holomorphic map
ψ : H→ H such that ψ(λw) = ψ(w)+1. Note that if ψ : H→ H satisfies ψ(λw) = ψ(w)+1
then ψ(λmw) = ψ(w) + m for any m ∈ Z (not only for m ∈ N). Hence, once such
a map is constructed, setting η := ψ ◦ Θ, it follows that η : Bq → H is holomorphic,
η(f(z)) = η(z) + 1 and⋃
n∈N
(η(Bq)− n) =
⋃
n∈N
(ψ(λ−n(Θ(Bq)))) = ψ(H) = H.
Therefore, (H, η, w 7→ w + 1) is a Kobayashi hyperbolic semi-model of parabolic type.
In order to construct ψ, let Γ ⊂ Aut(H) be the cyclic subgroup generated by w 7→ λw,
and let Γ′ ⊂ Aut(H) be the cyclic subgroup generated by w 7→ w + 1. Then H/Γ is
biholomorphic to an annulus A := {ζ ∈ C : r < |ζ | < 1} for some r ∈ (0, 1), while H/Γ′
is biholomorphic to the punctured disc D∗. Let θ : H→ A be the covering map. Assume
ψ˜ : A→ D∗ is a surjective holomorphic map such that ψ˜∗ : Π1(A)→ Π1(D∗) is the identity
map. Then ψ˜ ◦ θ has a lifting ψ : H → H such that ψ(λw) = ψ(w) + p for some p ∈ Z.
Since ψ˜∗ = id, it follows that p = 1, and since ψ˜ is surjective and ψ(λ
mw) = ψ(w) +m
for any m ∈ Z, it is easy to see that ψ has to be surjective as well.
Therefore we are left to construct such ψ˜. Let ǫ > 0 and let Mǫ := {ζ ∈ C : Re ζ >
0} ∪ {ζ ∈ D : |Im ζ | < ǫ}. Then let Aǫ,a := Mǫ \ [a, 1] for some a < 1. If ǫ << 1, there
exists a ∈ (0, 1) such that Aǫ,a has the same modulus of A, and therefore there exists a
biholomorphic map g : A→ Aǫ,a. Now, let us consider A ∋ w 7→ g(w)2. The image of A
under such a map is given by C \ ((−∞,−ǫ2] ∪ {1}). Let h : D → C \ (−∞,−ǫ2] be the
Riemann map such that h(0) = 1, h′(0) > 0. Define ψ˜(w) := h−1(g(w)2). By construction
ψ˜ : A→ D∗ is surjective, and it is easy to see that ψ˜∗ = id. 
5.7. A generalization to hyperbolic maps of complex manifolds. The results ob-
tained in the case of hyperbolic self-maps of Bq can be generalized to any complex mani-
fold, once we define what a hyperbolic self-map is in this contest.
Definition 5.24. Let X be a complex manifold. Let f ∈ Hol(X,X). We say that f is
hyperbolic if c(f) > 0.
Putting together the results of the previous sections, it is easy to prove the following
results.
Theorem 5.25. Let X be a complex manifold of dimension q. Let f ∈ Hol(X,X) be hy-
perbolic. Assume there exist an f -absorbing domain A ⊂ X biholomorphic to Bq such that
f |A is univalent. Then it admits a canonical Kobayashi hyperbolic semi-model (Bk, ℓ, τ),
where 1 ≤ k ≤ q, and where τ ∈ Aut(Bk) is hyperbolic with dilation e−c(f).
Theorem 5.26. Let X be a complex manifold of dimension q. Let f ∈ Hol(X,X) be
hyperbolic. Assume there exist an f -absorbing domain A ⊂ X biholomorphic to Bq such
that f |A is univalent. Then:
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(1) there exists σ : X → H holomorphic such that
σ ◦ f = ec(f)σ (5.19)
Moreover,
⋃
n∈N e
−nc(f)σ(X) = H.
(2) there exists θ : X → H holomorphic such that
θ ◦ f = θ + 1. (5.20)
Moreover,
⋃
n∈N(σ(X)− n) = H.
6. Semigroups
In this section we apply our results to semigroups of holomorphic self-maps. For details
about semigroups we refer the reader to [1] and [41].
Definition 6.1. Let X be a complex manifold. A (one-parameter) semigroup (φt) of
holomorphic self-maps of X is a continuous homomorphism from the additive semigroup
R+ of non-negative real numbers into Hol(X,X) endowed with the compact-open topology.
Remark 6.2. If (φt) is a semigroup of holomorphic self-maps in X , then φt : X → X is a
univalent mapping for all t ≥ 0 (see, e.g., [1, Proposition 2.5.18]).
We need the following continuous-time version of the Fekete lemma (see for example
[37, Theorem 16.2.9]).
Theorem 6.3. Let f : R+ → R be a measurable subadditive function. Then limt→∞ 1t f(t)
exists and
lim
t→∞
f(t)
t
= inf
t∈R+
f(t)
t
.
Lemma 6.4. Let X be a complex manifold. Let (φt) be a semigroup of holomorphic
self-maps on X. Then for all x ∈ X we have that limt→∞ kX(x,φt(x))t exists, and satisfies
c(φ1) = lim
t→∞
kX(x, φt(x))
t
= inf
t∈R+
kX(x, φt(x))
t
.
Moreover for all t ≥ 0 we have c(φt) = tc(φ1).
Proof. The function R+ ∋ t 7→ kX(x, φt(x)) is continuous and thus measurable. Moreover
kX(x, φt+s(x)) ≤ kX(x, φt(x)) + kX(φt(x), φt+s(x)) ≤ kX(x, φt(x)) + kX(x, φs(x)),
hence Theorem 6.3 yields the result. 
Definition 6.5. Let X be a complex manifold and let (φt) be a semigroup of holomorphic
self-maps of X . The semigroup is called hyperbolic if c(φ1) > 0.
Remark 6.6. By Lemma 6.4, a semigroup (φt) is hyperbolic if and only if for all t > 0 the
map φt is hyperbolic.
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For semigroups, the definition of models is as follows.
Definition 6.7. Let X be a complex manifold. Let (φt) be a semigroup of holomorphic
self-maps of X . A semi-model for (φt) is a triple (Ω, h, ψt) where Ω is a complex manifold,
h ∈ Hol(X,Ω) is a holomorphic mapping, (ψt) is a group of automorphisms of X such
that
h ◦ φt = ψt ◦ h, t ≥ 0 (6.1)
and ⋃
t≥0
ψ−t(h(X)) = Ω. (6.2)
We call the manifold Ω the base space and the mapping h the intertwining mapping.
If h ∈ Hol(X,Ω) is univalent we call the triple (Ω, h, ψt) a model for (φt).
Let (Ω, h, ψt) and (Λ, k, ϕt) be two semi-models for (φt). A morphism of models
ηˆ : (Ω, h, ψt)→ (Λ, k, ϕt) is given by η ∈ Hol(Ω,Λ) such that
η ◦ h = k,
and
φt ◦ η = η ◦ ψt, t ≥ 0.
An isomorphism of models is a morphism which admits an inverse.
The following result is analogous to Theorem 3.13 and Proposition 3.10 and we omit
the proof.
Proposition 6.8. Let X be a complex manifold and let (φt) be a semigroup of holomorphic
self-maps of X. Then there exists a model (Ω, h, ψt) for (φt). The model (Ω, h, ψt) satisfies
the following universal property: if (Λ, h, ϕt) is a semi-model for (φt), then there exists a
morphism of models ηˆ : (Ω, h, ψt)→ (Λ, h, ϕt).
Remark 6.9. Let f ∈ Hol(X,X) be univalent. Then by Theorem 3.13 it admits a model
(Ω, h, ψ). By the uniqueness up to isomorphisms of models and the previous proposition,
it follows that f is embeddable in a semigroup of holomorphic self-maps of X if and only
if ψ belongs to a group of automorphisms of Ω.
The results in Section 4 can be easily adapted to semigroups. We state here without
proof the result on the existence of the canonical Kobayashi hyperbolic semi-model for
semigroups in case X/Aut(X) is compact (similar results hold in case the semigroup has
an absorbing open subset A ⊆ X such that A/Aut(A) is compact):
Theorem 6.10. Let X be a complex manifold such that X/Aut(X) is compact. Let (φt)
be a semigroup of holomorphic self-maps of X. Let (Ω, h, ψt) be a model for (φt). Let
r : A→ Z be the map defined in Theorem 4.1 and let F be the non-singular holomorphic
foliation on Ω induced by r : Ω→ Z. Then (ψt) preserves the foliation F of Ω, and thus
induces a group of automorphisms (τt : Z → Z) such that
τt ◦ r = r ◦ ψt, t ≥ 0. (6.3)
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The triple (Z, r ◦ h, τt) is a canonical Kobayashi hyperbolic semi-model for each φt, t ≥ 0,
and it is called the canonical Kobayashi hyperbolic semi-model for (φt).
Proposition 6.11. Let X be a complex manifold of dimension q such that X/Aut(X) is
compact. Let (φt) be a semigroup of holomorphic self-maps of X, and assume (Z, ℓ, τt) is a
canonical Kobayashi semi-model for (φt). Set k := dim Z, and assume there exists z ∈ Z
such that τ(z) = z. Then ℓ−1(z) is a connected complex submanifold of X of dimension
q − k which is invariant by (φt).
Proof. Up to isomorphisms of semi-model, we can assume that the canonical Kobayashi
semi-model for (φt) is given by Theorem 6.10, with ℓ = r ◦ h.
Since τ(z) = z, the set ℓ−1(z) is clearly invariant under (φt). We have ℓ
−1(z) =
h−1(r−1(z)), and by Theorem 4.1.iii) the fiber r−1(z) is a connected (q − k)-dimensional
complex submanifold of Ω such that h(X) ∩ r−1(z) 6= ∅. Thus ℓ−1(z) is a complex
submanifold of X of dimension q − k. Consider the semigroup of holomorphic self-maps
(gt := φt|ℓ−1(z) : ℓ−1(z)→ ℓ−1(z)). Then (r−1(z), h|ℓ−1(z), ψt|r−1(z)) is a model for (gt), and⋃
t≥0
ψ−t(h(ℓ
−1(z))) = r−1(z).
Assume by contradiction that ℓ−1(z) is not connected. Then there exists a partition
ℓ−1(z) = U ∪ V of ℓ−1(z) in two disjoint open nonempty subsets. Since the (φt)-orbit of
every point is connected, U and V are invariant by (φt). But then
r−1(z) =
⋃
t≥0
ψ−t(h(U)) ∪
⋃
t≥0
ψ−t(h(V ))
is a partition of r−1(z) in two disjoint open nonempty subsets, which gives a contradiction.

Corollary 6.12. Let X be a complex manifold of dimension q such that X/Aut(X) is
compact. Let (φt) be a semigroup of holomorphic self-maps of X. Let (Z, ℓ, τ) be a
canonical Kobayashi hyperbolic semi-model and assume τ = idZ . Let k := dimZ. Then
X admits a (q − k)-dimensional non-singular holomorphic foliation G whose leaves are
(φt)-invariant.
Proof. It follows directly from Proposition 6.11, with the foliation G defined by the fibra-
tion ℓ : X → Z. 
6.1. Semigroups in the unit ball. Recall the following result from [6], see also [1, Thm.
2.5.27] and [18, Thm. A.1]
Theorem 6.13. Let (φt) be a semigroup of holomorphic self-maps of B
q. Then
(1) if there exists z0 ∈ Bn such that φ1(z0) = z0 then there exists z1 ∈ Bn such that
φt(z1) = z1 for all t ≥ 0 and c(φt) = 0 for all t ≥ 0.
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(2) If φ1 has Denjoy-Wolff point p ∈ ∂Bq and dilation e−λ for some λ ≥ 0, then φt
has Denjoy-Wolff point p ∈ ∂Bq and dilation e−λt for all t > 0.
Definition 6.14. A semigroup (φt) of holomorphic self-maps of B
q is elliptic (resp. hy-
perbolic, resp. parabolic) provided φ1 is elliptic (resp. hyperbolic, resp. parabolic) in B
q.
As customary, in case (φt) is not elliptic, and φ1 has Denjoy-Wolff point p ∈ ∂Bq and
dilation e−λ, we call p the Denjoy-Wolff point of (φt) and (e
−λt) the dilation of (φt).
Remark 6.15. Let (φt) be a non-elliptic semigroup of holomorphic self-maps of B
q and for
t > 0 let λt denote the dilation of φt at the Denjoy-Wolff point p ∈ ∂Bq . By Lemma 6.4
and Proposition 5.8, it follows directly that λt = e
−c(φt) = e−tλ where λ = c(φ1) ≥ 0.
A canonical Kobayashi hyperbolic semi-model (Bk, ℓ, τt) for a semigroup (φt) of holo-
morphic self-maps of Bq is called trivial, of elliptic type, of hyperbolic type or of parabolic
type provided (Bk, ℓ, τ1) is trivial, of elliptic type, of hyperbolic type or of parabolic type.
The results in Section 5 can be easily adapted to the semigroup case. We state here
without proof a general result:
Theorem 6.16. Let (φt) be a semigroup of holomorphic self-maps of B
q.
(1) If (φt) is elliptic then it admits either a trivial or a canonical Kobayashi hyperbolic
semi-model of elliptic type. The latter case happens if and only if there exists a
complex affine submanifold V in Cq such that W := V ∩Bq is invariant under (φt)
and φt|W ∈ Aut(W ) for all t ≥ 0.
(2) If (φt) is hyperbolic with Denjoy-Wolff point a ∈ ∂Bq and dilation (e−λt), λ > 0,
then it admits a canonical Kobayashi hyperbolic semi-model (Bk, ℓ, τ), 1 ≤ k ≤ q
of hyperbolic type with dilation (e−λt). Moreover, if b ∈ ∂Bk is the Denjoy-Wolff
point of (τt), then K- limz→a ℓ(z) = b.
(3) If (φt) is parabolic with Denjoy-Wolff point a ∈ ∂Bq then it admits either a trivial,
or of elliptic type, or of parabolic type canonical Kobayashi semi-model. The latter
case happens if and only if s(φ1(z)) > 0 for all z ∈ Bn. Moreover, in such a case,
if (Bk, ℓ, τt) is a canonical Kobayashi hyperbolic semi-model of parabolic type and
b ∈ ∂Bk is the Denjoy-Wolff point of (τt), then ∠K limz→a ℓ(z) = b.
In particular, for hyperbolic semigroups of the unit ball it is always possible to solve
the Valiron equation:
Corollary 6.17. Let f : Bq → Bq be a hyperbolic semigroup of holomorphic self-maps
with Denjoy-Wolff point a ∈ ∂Bq and dilation (e−λt) for some λ > 0. Then the Valiron
equation
Θ ◦ ft = eλtΘ, t ≥ 0 (6.4)
has a holomorphic solution Θ: Bq → H such that K- limz→aΘ(z) =∞ and⋃
t≥0
e−λtΘ(Bq) = H. (6.5)
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Moreover, any holomorphic solution Θ: Hq → H of (6.4) satisfies (6.5).
It is interesting to note that, contrarily to the case of univalent self-mappings (see
Proposition 5.23), a hyperbolic semigroup of Bq does not always admit a Kobayashi hy-
perbolic semi-model with base space Bk and of parabolic type. In order to show that, we
need a preliminary lemma.
Lemma 6.18. Let c, d > 0 and ε = ±1.
(1) If σ ∈ Hol(H,H) is such that
σ(ectz) = σ(z) + εt, ∀t ≥ 0,
then σ is univalent.
(2) If σ ∈ Hol(H,H) is such that
σ(ectz) = edtσ(z), ∀t ≥ 0,
then σ is univalent.
Proof. (1) Let θ ∈ (0, π) and let Lθ := {reiθ : r > 0}. For p > 0 let Hp := {r+ ip : r ∈ R}.
Then σ(Lθ) = HImσ(eiθ) and σ is univalent on Lθ. Assume there exists w0 6= w1 ∈ H such
that σ(w0) = σ(w1) := a + ib. Then w0 ∈ Lθ0 and w1 ∈ Lθ1 for some θ0 < θ1 ∈ (0, π)
and Imσ(Lθ0) = Imσ(Lθ1) = {a}. Let Q := {z ∈ H : z = reiθ, r ∈ [1, 2], θ ∈ [θ0, θ1]}.
The function Q ∋ w 7→ Im σ(w) is harmonic in the interior of Q and continuous on
Q. Moreover, since σ is not constant, Imσ cannot be constant in Q. Then Imσ has a
maximum or a minimum (or both) different from a. Let w′ = r′eiθ
′ ∈ Q be such a point,
with θ′ ∈ (θ0, θ1), r′ ∈ [1, 2]. Since Imσ(r′eiθ′) does not depend on r′, it follows that
Imσ(3
2
eiθ
′
) is ether a maximum or a minimum in the interior of Q, a contradiction. Thus
σ is univalent.
The proof of (2) is similar. 
Proposition 6.19. Let (φt) be a semigroup of holomorphic self-maps of the unit disc D,
and let (D, η, ϕt) be a Kobayashi hyperbolic semi-model for (φt). If (φt) is elliptic (resp.
parabolic, resp. hyperbolic with dilation (e−λ) for some λ > 0), then (ϕt) is elliptic (resp.
parabolic, resp. hyperbolic with dilation (e−λ)).
Proof. If (φt) is elliptic, all φt’s share a common fixed point z0 ∈ D. Then η(z0) is fixed
by ϕt for all t ≥ 0, hence (ϕt) is elliptic.
Assume that (φt) is hyperbolic with dilation (e
λt). Let (H, h, z 7→ eλtz) be a canon-
ical Kobayashi hyperbolic model for (φt). Then there exists a morphism of models
σˆ : (H, h, z 7→ ectz) → (D, η, ϕt). The group of automorphisms (ϕt) cannot be elliptic,
since σ cannot map a half-line to a point. Since σ : H → D is surjective, Lemma 6.18
shows that (ϕt) is hyperbolic with dilation (e
λt).
Finally suppose (φt) is parabolic. Then (ϕt) cannot be hyperbolic since we have c(φt) ≥
c(ϕt) for all t ≥ 0 by Lemma 2.9. Let (H, h, z 7→ z + εt) be a canonical Kobayashi
hyperbolic model for (φt), where ε = ±1. Then there exists a morphism of models
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σˆ : (H, h, z 7→ z + εt) → (D, η, ϕt). The group of automorphisms (ϕt) cannot be elliptic,
since σ cannot map a horizontal line to a point. 
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